We present a time-independent generalized Floquet approach for nonperturbative treatment of high-order harmonic generation (HG) For the intensities used in calculations (1 X 10 and 5 X 10' W/cm for the fundamental frequency 532 nm and 1 X 10' and 3 X 10' W/cm for the fundamental frequency 775 nm, the harmonic intensity being 10 and 100 times weaker), the total photon emission rate has its maximum at 8=0 and minimum at 8= vr Howe.ver, this tendency, while valid for the first several HG peaks, is reversed for the higher HG peaks. The HG spectrum for 6= m is broader and the peak heights decrease more slowly compared to the case of 6=0. These results have their analog in the multiphoton above-threshold detachment study performed recently for H ions [Telnov, Wang, and Chu, Phys. Rev. A 51, 4797 (1995)].
I. INTRODUCTION
The study of atomic and molecular multiphoton processes in two strong laser fields with different frequencies has received considerable attention both experimentally [1] and theoretically [2, 3] in recent years. In the case of atoms, most two-color studies have been confined to the investigation of the phase-dependence effects in multiphoton above-threshold ionization (ATI) [1 -3] . It has been found, for example, that the total ionization rate, the electron energy, and the angular distribution depend strongly on the relative intensity and relative phase of the two radiation fields, usually consisting of a fundamental and one of its harmonic fields. In the case of diatomic molecules, it has been predicted, for example, that by tuning the relative phase of the two laser beams, the internuclear potential-energy surface can be modified significantly, suggesting some degree of "coherent control" of the dynamics of multiphoton above-threshold dissociation and chemical bond hardening processes may be feasible [4] .
In parallel to the recent extensive studies of the electron emission from multiphoton ATI of atoms, there is also considerable interest in the investigation of photon emission, namely, high-order harmonic generation (HG) , that might accompany the excitation or ionization processes. Such high harmonic generation represents a potential practical source of coherent extreme ultraviolet radiation. Most experimental and theoretical studies of HG processes in strong fields have been mainly confined to the one-color laser field case. ( recent review on high-order harmonic generation in strong fields, see, e.g. , Ref. [5] and references therein. ) Recently an experiment on the phase-dependent effects on high-order HG by a strong laser field and its third harmonic has been reported [6] . The two-color interference effects on HG were clearly seen. Also very promising are the recent experiments on the generation of short-wavelength radiation by mixed laser fields with commensurate [7] and incommensurate frequencies [8] .
In the presence of intense one-color laser fields, several nonperturbative methods have been used in the theoretical studies of HG processes: time-independent Floquet formalism [9, 10] and numerical integration of the time-dependent Schrodinger equation [11] , as well as purely classical approach to HG [12] .Such theoretical treatments usually consider the interaction of a single atom with strong, classical electromagnetic fields. The investigation of the role of phasematching effects indicates that, under the conditions of low pressure and weak focus typically encountered in experiments, the phase-matched results do not differ significantly from the single-atom results (see, e.g. , the review [13] ).
In this paper we present a detailed theoretical investigation of the high-order harmonic-generation processes in atomic hydrogen driven by intense two-color laser fields. We found that by varying both the relative phase and the relative intensity of the fundamental to the harmonic field, it is possible to coherently control the enhancement or the decrement of the HG yields. In Sec. II we present a time-independent generalized Floquet formulation for the nonperturbative treatment of high-order harmonic generation in two-color laser fields. 
II. THEORY
We will follow the theory of harmonic generation that treats the atom quantum mechanically and the radiation classically. This approach is well justified in most of cases from the point of view of the theory that treats the radiation field quantum mechanically [14] . According to the classical theory of fields [15] , the intensity of radiation produced by an accelerated charge per unit solid angle and summed over all possible polarizations is given by the expression 4 where a(t) is the acceleration of the charge, c is the velocity of the light, and 6 is the angle (with respect to a) under which the radiation is detected. In the case of periodic motion, the acceleration a(t) can W(r, t) =exp( -iat) g P (r)exp ( -imcot) . (9) a(t) = g a"exp( -inset), (10) where N is an integer, the fundamental frequency co is equal to the frequency of the first field 8 = -n co (4) Since the acceleration Fourier components a"and displace- only; see the discussion below. ) In the present formulation, the atomic system will be treated quantum mechanically. Thus the acceleration a(t) Let the integer number N, which describes the second (harmonic) field, be an odd number. Then, for the spherically symmetrical atomic potential and the initial state with definite parity, the Fourier components of the wave function 'P(r, t) also possess definite parity, which is different for even and odd components. As one can see from Eq. (12) , only the odd Fourier components are present in the mean acceleration due to parity restrictions.
The value I"given by Eqs. (3) and (5) (5) by dividing by neo: incommensurate frequencies co& and~2, the electron can emit radiation with the frequencies In&co, +n2cu2I, where n& and n2 are integers. The corresponding photon emission rate is given by 41a. l' 4n'~'Id. l' 3n~c 3c (14) 4la. . . , l' 31n, cpz+n2tp2lc'
Both forms (acceleration and length) are equivalent in the Floquet theory; in practice, one needs to take care of the proper "regularization" of the integral (13) , which is formally divergent. Strictly speaking, the acceleration form integral (8) is also formally divergent due to the imaginary part of the quasienergy (resonance state). However, for the intensities used in the calculations, the imaginary part of the quasienergy is negligibly small, so no special regularization is required for numerical calculation of the integral (8 [9, 17] , the wave function W(r, t) can be expanded in a double Fourier series with two fundamental frequencies co& and co2. .
III. NUMERICAL PROCEDURES
In this paper, we consider the high-order harmonic generation by the hydrogen atom driven by the fundamental frequency laser field and its third harmonic
gency in strong-field calculations, we use the velocity-gauge Hamiltonian instead of the length-gauge one provided by Eq. (6): For high-order harmonic-generation calculation, highquality quasienergy wave functions are required to achieve convergency. The size of the non-Hermitian Floquet matrix depends upon the laser frequency and intensity used. Typically we used 40 -50 mesh points for the discretization of the radial coordinate. Sufficient numbers of partial waves and Floquet photon blocks are included to achieve convergency to desirable accuracy. The Floquet matrix so constructed is a large sparse complex matrix, typically of the order of 10 000 X 10 000 or more. We extended the implicitly restarted Arnoldi algorithm I 20] with spectral transformation to facilitate the solution of the selected eigenvalues and eigenfunctions.
By further taking into account the sparse structure in the Floquet Hamiltonian, we have achieved a computationally stable and efficient procedure for the solution of the internal spectrum of complex sparse matrix of large dimensions. As an example, for a complex matrix size of the order of 15 000 X 15 000, it takes about a total of 30 s in CRAY-YMP for the solution of selective eigenvalues and eigenfunctions. The Arnoldi algorithm has the additional advantage that it does not suffer the problem of generating undesirable repeated roots as often encountered in the Lanczos algorithm. The detailed discussion of the numerical procedure will be presented elsewhere.
The integrations over the angles 6 and @ (in the spherical coordinate system with the polar axis along the field direction) with the function (20) 1 and 2), one can see that for rather strong harmonic field (10 times weaker than the fundamental one) the HG rates are generally significantly enhanced, compared with the one-color case, for both the phase 8' values used in the calculations. However, for the weaker harmonic intensity (100 times weaker than the fundamental field) and 8= 7r, the rates for the first few harmonics are smaller than that for the one-color HG. We see that a small admixture of the harmonic field can lead to a dramatic change in the HG rates. Thus, by tuning the relative phase and the relative intensity of the fundamental to the harmonic field, one can control the enhancement or decrement of the HG yield. The dependence of the HG rates on the relative phase 6 is the same for both strong and weak harmonic fields, as well as for both fundamental field intensities. For the first few generated harmonics (the exact number depends on the intensities; see Tables I  and II the relative phase 8=~. The general observation is that the HG spectrum is broader for 6= m than for 8'= 0 and the rates decrease more slowly in the tail portion of the spectrum, whereas in the top portion (the first few harmonics) they have the magnitudes smaller than that for 6= 0. These results are analogous to our previous results for above-threshold detachment by two-color laser fields from H negative ions l3).
For the fundamental wavelength 775 nm (Tables IV and V  and Figs. 3 The dependence of HG rates on the relative phase described above can be understood to some extent with the help of the simple semiclassical theory [22] . According to this theory, HG is produced by the electrons excited into the 
F=Fi+F2(8=0), F=F, -F2(8=m) . (26)
As one can see, the relative phase 8'=0 makes the instantaneous field stronger, whereas the relative phase 6'= m makes it weaker. Since the width of the potential barrier depends on the field strength (the weaker the field, the broader the barrier), one can expect enhancement of production of loworder harmonics for 8'= 0 compared with 8= m. Now let the continuum via the tunneling mechanism. After creation those electrons can return to the nucleus and emit photons during the collision process. The higher the energy of the electron, the higher the frequency of the photon emitted. On the other hand, the energy of the electron depends on the time when the electron was created. Thus, for the fundamental frequency field F=F icos(tot), the phase nit=0 (the strongest instantaneous field F = F,) corresponds to the lowest-energy electrons, whereas the phase cot close to m/2 corresponds to the highest-energy electrons. However, in the latter case the potential barrier for tunneling is very broad, so the probability of production of high-energy electrons (and, consequently, the probability of radiation of high-energy photons)
is small. 
In contrast with the case cot=0, the instantaneous field is stronger for the relative phase 8'= m and weaker for 6'=0.
This means that the production of high-order harmonics is more effective for the relative phase 8'= vr than for 6'=0. HG based on the quantum-mechanical treatment of the atom and classical treatment of the radiation. The wave functions used by this procedure are computed by means of the nonHermitian Floquet theory and complex scaling, generalized pseudospectral discretization technique. The results obtained in the present paper are for the single-atom HG; we did not take into account the propagation of the radiation in the media, The relation of the single-atom HG rates to the experimental observations is discussed elsewhere (see, e.g. [13] ).
The results for the HG spectrum show the following general features. First, the HG rates for two-color laser fields are generally much larger than the rates for the one-color HG, when the third-harmonic field intensity is 10 times smaller than that of the fundamental frequency field. For very weak harmonic field (intensity 100 times smaller than that of the fundamental frequency field) the opposite situation takes place if the relative phase 6'= m; in this case the one-color results lie in between the two-color results for the relative phases 8'=0 and m. Second, the HG rates manifest a strong dependence on the relative phase between the two fields. For the first few generated harmonics, the largest rates are observed for the phase 6=0 and the smallest for 8'=~. However, for the higher generated harmonics the picture is different: the largest HG rates correspond to 6'=~a nd the smallest ones correspond to 6'=0. This means that the decrease of HG rates with their number is slower for 6'=~t han for 6'=0.
There is a close analogy between the present results for HG and our previous results for above-threshold multiphoton detachment by two-color laser fields [3] .It confirms our conclusion made in Ref. [3] that the features described above have a general kinematic nature related to the motion of the electron in the two-color laser fields and do not depend qualitatively on the atomic potential (except for the resonance phenomena). 
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